Multiple integral relations involving G-functions  by Dahiya, R.S
MATHEMATICS 
MULTIPLE INTEGRAL RELATIONS INVOLVING G-FUNCTIONS 
BY 
R. S. DAHIYA 
(Communicated by Prof. C. J. BOTTWKAMP at the meeting of November 30, 1974) 
The object of the present paper is to develop and study the following 
integral relation of Meijer’s G-function : 
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where .R(u, V, OL, /I) > 0; f(w) = O(c/) for large w and f(w) =0(0”1/4) for 
small w; 6>0, E>O. 
Meijer’s G-function [l] is defined by a Mellin-Barnes type integral: 
where m, n, p, q are integers with q > 1; 0 <n <p ; 0 < m ( q, the parameters 
q and bf are such that no pole of I’(bj-s), j= 1, 2, . . ., m coincides with 
any pole of F(l-ajr+s), j=l, 2, . . . . n. The poles of the integrand must 
be simple, those of I’(bj--s) ; j= 1, 2, . . ., m must lie on one side of the 
contour L, and those of r(l---+a); j= 1, 2, . . . . n must lie on the other 
side. The integral converges if p+q<2(m+n) and Jargxl<(m+n- 
- 1/2p - 1/2q)n. 
Then, by using the formula ([3], p, 377): 
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we obtain our first result in the form 
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provided R(u,v)>O, p+q<2(m+n) and larguj<(m+n-1/2p-l1/2#. 
To prove (4), we substitute the contour integral (2) for the G-function 
and change the order of integration; the L.H.S. of (4) equals 
(5) 
Now evaluating the inner integral with the help of (3) and using the 
definition of G-function, we obtain the required result (4). 
On putting o=ra, 
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in (4) and then multiplying both sides by 
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and integrating C# between 0 and n/2, r between 0 and 00, we get 
4 sinV c0s2e siS# cofA$ r2 
\-I 
sins”l$ cofP-1~$ 
G m,n+2 
(a2 sir@ + b2 IZOS‘~#)“@ p + 2, q + 2 
l-u, l-v, ap, 
(a2 sin%#+b2 co@+)2 b,, 1 -u/Z-v/2, l/2-u/2-v/2 > 
f(r2)r d$ dr. 
Now using the spherical polar coordinates x = r sin 4 COB 8, y = r sin C# sin 8, 
z = r cos C+ in the left hand side of (6) where ra sin 4 drded$ F dadydz 
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and polar coordinates s=r cos 4, t =r sin 4 in the right hand side where T 
drd+=dsdt, we get 
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R(u, v, a, ,8)>0, p+q<2(m+n). 
On putting 10 =,a in (a), and then multiplying both sides by r/(r2) 
and integrating between the limits (0, oo), it follows 
Now on putting x = T COB 8, y =P sin 0 and after some simplification, 
we get 
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where ]argy]<(m+n-1/2p-1/2q)n, R(u, v)>O; f(o)=O(ard) for large w 
and 6~0. 
From (7) and (9), we obtain the required result (1) with a = b = 1. 
For application, it is shown that either the triple integrals or double 
integrals can be evaluated easily by choosing f(w) in convenient form. 
That means, either the right hand side integral of (1) should be known 
after choosing f(w) or could be evaluated. Suppose f(w) =0-~K,[26], 
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then we have from relation (1) : 
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Now evaluating the integral on the right hand side with the help of 
the known result ([2], page 165), we get 
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where R(u, w, OL, /I, 7) > 0. 
Similarly if we take 
in (1) and use ([2], page 159), then we get the following result: 
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CONCLUSION 
In a similar fashion, many more interesting results can be obtained. 
Also on specializing the parameters, the G-function can be reduced to 
McRobert’s E-function, generalized hypergeometric functions, and other 
higher transcendental functions. Therefore, the results (11) and (12) can 
be reduced to several generalized results which are useful in Mathematical 
Physics. 
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